Abstract. The main purpose of this paper is to determine the radii of starlikeness and convexity of the generalized k−Bessel functions for three different kinds of normalization by using their Hadamard factorization in such a way that the resulting functions are analytic in the unit disk of the complex plane. The characterization of entire functions from Laguerre-Pólya class plays an crucial role in this paper. Moreover, the interlacing properties of the zeros of k−Bessel function and its derivative is also useful in the proof of the main results. By making use of the Euler-Rayleigh inequalities for the real zeros of the generalized k−Bessel function, we obtain some tight lower and upper bounds for the radii of starlikeness and convexity of order zero.
Introduction and The Main Results
It is well known fact that special functions have an indispensable place in the solution of a wide variety of important problems. Due to the versatile properties of special functions, it is important to examine their properties in many aspects. In the recent years, there has been a vivid interest on geometric properties of some special functions from the point of view of geometric function theory. Baricz and his coauthors investigated in details the determination of the radii of starlikeness and convexity of some normalized forms of these special functions, see for example [BTK18] , [BDOY16] , [BKS14] , [ABO18] , [ABY17] , [BOS16] , [BSz14] , [BSz15] , [BSz16] , [BP19] and the references therein for more details. If these studies are analysed indepth, it can clearly be seen that the radii of univalence, starlikeness and convexity are obtained as solutions of some transcendental equations and the obtained radii satisfy some interesting inequalities. In addition, the other main fact seen on these studies is that the positive zeros of Bessel, Struve, Lommel functions of the first kind and the Laguerre-Pólya class of entire functions have a great impotance in these papers. It is important to mention that in recent years, there has been extensively interested on the k−calculus. Actually, the origins of what can be called the k−calculus are based on the definition introduced by Diaz and Pariguan ( see cf. [DP07] ) of the k−gamma function and the Pochhammer k−symbol as generalizations of the well known functions the classical gamma function and the classical Pochhammer symbol. Since then there are many works devoted to studying generalizations of some of well known special functions. So can be found the k−Beta function, the k−Zeta function and the k−Wright function. Recently, Mondal and Akel in [MA18] introduced and studied a generalization of the k−Bessel function of order ν. And also, they investigated monotonicity and log-convexity properties of the generalized k−Bessel function k W ν,c .
Motivated by the above series of papers on geometric properties of special functions, in this paper our aim is to present some similar results for the normalized forms of the generalized k−Bessel functions. For this, three different normalizations are applied in such way that the resulting functions are analytic. By considering the Hadamard factorization of the generalized k−Bessel function and combining the methods from [BKS14] , [BDOY16] , [BSz14] and [BTK18] , we determine the radii of starlikeness and convexity for each of the three functions.
Before starting to present our main results, we would like to draw attention to some basic concepts needed for building our main results. For r > 0 we denote by D r = {z ∈ C : |z| < r} the open disk of radius r centered at the origin. Let f : D r → C be the function defined by
where r is less or equal than the radius of convergence of the above power series. Denote by A the class of allanalytic functions of the form (1.1), that is, normalized by the conditions f (0) = f ′ (0) − 1 = 0. We say that the function f, defined by (1.1), is starlike function in D r if f is univalent in D r , and the image domain f (D r ) is a starlike domain in C with respect to the origin (see [?] for more details). Analytically, the function f is starlike in D r if and only if
For α ∈ [0, 1) we say that the function f is starlike of order α in D r if and only if
The radius of starlikeness of order α of the function f is defined as the real number
Note that r ⋆ (f ) = r ⋆ 0 (f ) is in fact the largest radius such that the image region f (D r ⋆ (f ) ) is a starlike domain with respect to the origin. The function f, defined by (1.1), is convex in the disk D r if f is univalent in D r , and the image domain f (D r ) is a convex domain in C. Analytically, the function f is convex in D r if and only if
For α ∈ [0, 1) we say that the function f is convex of order α in D r if and only if
We shall denote the radius of convexity of order α of the function f by the real number
Note that r c (f ) = r c 0 (f ) is the largest radius such that the image region f (D r c (f ) ) is a convex domain.
We recall that a real entire function q belongs to the Laguerre-Pólya class LP if it can be represented in the form
with c, b, x n ∈ R, a ≥ 0, m ∈ N 0 and 1 xn 2 < ∞. We note that the class LP is the complement of the space of polynomials whose zeros are all real in the topology induced by the uniform convergence on the compact sets of the complex plane of polynomials with only real zeros. For more details on the class LP we refer to [DC2009, p. 703] and to the references therein.
1.1. Generalized k−Bessel function. In this section we shall focus on a generalization of the k−Bessel function of order ν defined by the series
is fulfilled, and this product is uniformly convergent on compact subsets of the complex plane. Moreover, if we denote by k ω ′ ν,c,n the nth positive zero of k W ′ ν,c (z), then positive zeros of k W ν,c are interlaced with those of k W ′ ν,c . In other words, the zeros satisfy the chain of inequalities 
is entire function and of growth order 1 (see Eqn. (1.5)), belongs to LP. Moreover, if we choose
, which has no zeros at all, then with the aid of the Runckel's theorem stated in [BS18, Lemma 4, p.p 2209] we say that the generalized k−Bessel function k W ν,c (z) has real zeros only if k > 0, c > 0 and ν > 0. Furthermore, taking into account that
and Γ(n + 1) = n!, the growth order of the generalized k−Bessel function is calculated as
It is well known that the finite growth order ρ of an entire function is not equal to a positive integer, then the function has infinitely many zeros. That is to say, k−Bessel function k W ν,c (z) given in (1.2) has infinitely zeros. As a result of these explanations, we deduce that the zeros of the k−Bessel function k W ν,c (z) are all real. In this case, by means of the Hadamard theorem on growth order of the entire function, it follows that its infinite product representation is exactly what we have in Lemma 1.1. Fnally, because of the fact that the growth order ρ(
is not an integer, we conclude that the genus of the k−Bessel function k W ν,c (z) is equal to zero which is the integer part of ρ( k W ν,c ). Then the zeros of k W ′ ν,c (z) are all real also and are separated from each other by those of k W ν,c (z). More precisely, taking into account the infinite product representation we get
Diferentiating both sides of (1.7) we arrive at
Since the expression on the right-hand side is real and negative for z real, the quotient
is a strictly decreasing function from +∞ to −∞ as z increases through real values over the open interval ( k ω ν,c,n , k ω ν,c,n+1 ) n ∈ N. That is to say that the function k W ′ ν,c (z) vanishes just once between two consecutive zeros of the function k W ν,c (z). In other words, the zeros satisfy the chain of inequalities
. . , where k ω ν,c,n and k ω ′ ν,c,n are, respectively, the nth positive zeros of k W ν,c (z) and k W ′ ν,c (z). The proof of the Lemma is completed.
1.2. The radii of starlikeness of order α of functions k f ν,c , k g ν,c , and k h ν,c . This section is devoted to investigate the radii of starlikeness of order α of the normalized forms of the k−Bessel
c. The radius of starlikeness of order α of the function k h ν,c is the smallest positive root of the equation
Proof. In order to verify assertions of the theorem we need to show that the inequalities
) and z ∈ D k z ν,c,1 ( k h ν,c ), respectively, and each of the above-mentioned inequalities does not hold in any larger disk. It is important to that under the corresponding conditions the zeros of the k−Besel function k W ν,c (z) are all real. As a result of this reminding and in light of the Lemma 1.1, the k−Bessel function can be represented by the Weierstrassian decomposition of the form Logarithmic differentiation of both sides of each of the above functions implies in turn
From [BKS14] we know that if z ∈ C and θ ∈ R are such that θ > |z| , then
By using Eqn. (1.9), for k > 0, c > 0, ν > 0, n ∈ N and |z| < k ω ν,c,1 we get that
It is important to mention that equalities in the above-mentioned inequalities are attained only when z = |z| = r. In light of the previous inequalities and the minimum principle for harmonic functions we deduce that the inequalities stated in (1.8) hold if and only if |z| < k x ν,c,1 , |z| < k y ν,c,1 and |z| < k z ν,c,1 , respectively, where k x ν,c,1 , k y ν,c,1 and k z ν,c,1 are the smallest positive roots of the equations which are equivalent to
This completes the proof of the theorem. The following theorem provides some tight lower and upper bounds for the radii of starlikeness of the functions considered in the above theorem. The technique used in determining the bounds for the radii of starlikeness of these functions is based on the study of [ABO18] and [ABY17] . The main idea in the proof of the next theorem is to determine some Euler-Rayleigh inequalities for the first positive zero of some entire functions, which are connected with the transcendental equations appeared in the above theorem. Of course, it is possible to give more tighter bounds in the next theorem by using higher order Euler-Rayleigh inequalities for k ∈ {2, 3, ...}, however we omitted them owing to their complicated form. a. The radius of starlikeness r ⋆ ( k f ν,c ) is satisfies the inequalities
b. The radius of starlikeness r ⋆ ( k g ν,c ) is satisfies the inequalities
c. The radius of starlikeness r ⋆ ( k h ν,c ) is satisfies the inequalities
Proof. a. If we take α = 0 in Theorem 1.1, then the radius of starlikeness of the normalized k−Bessel function k f ν,c corresponds to the radius of starlikeness of the function
The infinite series representation of the function k Ξ ν,c (z) and its derivative are as follows:
In light of Lemma 1.1 we deduce that the function z → k W ν,c (z) is of the Laguerre-Pólya class LP. It is well known that this class of entire functions is closed under differentiation, and therefore z → k Ξ ν,c (z) belongs also to the Laguerre-Pólya class LP. Hence the zeros of the function k Ξ ν,c (z) are all real. Thus, k Ξ ν,c (z) can be represented as the inifinite product
Logarithmic differentiation of both sides of Eqn. (1.13) for |z| < k ω ′ ν,c,1 yields (1.14)
where σ m = n≥1 k ω ′−2m ν,c,n . On the other hand, with the aid of Eqns. (1.11) and (1.12) we find
.
By comparing the coefficients of Eqns. (1.14) and (1.15) we obtain
By using the Euler-Rayleigh inequalities
for m = 1 we obtain the inequalities of the first part of the theorem. b. From [BKS14] and [BOS16] we say that the radius of starlikeness of the function k g ν,c (z)
is the first positive zero of its derivative. We can draw conclusion from Lemma 1.1 that the zeros
are all real for k > 0, c > 0 and ν > 0. Consequently, this function belongs to the Laguerre-Pólya class. Since the Laguerre-Pólya class LP is closed under differentiation, we deduce that k g ′ ν,c (z) belongs also to the Laguerre-Pólya class and hence all of its zeros are real. Now, we consider the entire function
We shall show that all the zeros of the function k Λ ν,c (z) are real and positive. For this we note that 
where ℓ m = n≥1 k β −m ν,c,n . Moreover, taking into account fact that
where
By comparing the coefficients of Eqns. (1.17) and (1.18) we arrive at
By using the Euler-Rayleigh inequalities ℓ
we obtain the next inequalities for 2 k β ν,c,1 , that is,
c. Consider the entire function
With the aid of Lemma 1.1, it is possible to prove the reality of the zeros of the function k h ν,c (z). This means that k h ν,c (z) belongs to the Laguerre-Pólya class LP. Consequently, the function k h ′ ν,c (z) belongs also to the Laguerre-Pólya class LP and has only real zeros. It is obvious that this is also valid for the function k Υ ν,c (z). Moreover, by means of Laguerre's lemma stated in [BS18, Lemma 1, pp. 2208] we deduce that the function k Υ ν,c (z) has only positive real zeros and has growth order Since κ 1 = 2c ν + k and κ 2 = 4c 2 (ν + k) 2 − 3c 2 (ν + k)(ν + 2k) in particular, for m = 1 from the above Euler-Rayleigh inequalities we have the next inequality for 4 k ς ν,c,1 , that is, 2(ν + k) c < r ⋆ ( k h ν,c ) < 8(ν + k)(ν + 2k) c(ν + 5k) .
This completes the proof of the theorem.
Remark 2. It is obvious that our main results which are presented in Theorem 1.2 when we take c = 1 and k = 1, coincide with the inequalities in [ABY17, Thms. 1 and 2].
1.3. The radii of convexity of order α of functions k f ν,c , k g ν,c , and k h ν,c . In this section we aim to determine the radii of convexity of order α of the normalized generalized k−Bessel functions and to find tight lower and upper bounds for the radius of convexity of order zero of these functions with the help of Euler-Rayleigh inequalities.
